Abstract. We give a simple proof of the equality of the spectra for projections to Levi factors in the linear and non-linear cases, generalizing a classical theorem of Kostant.
Introduction
In this paper we give a simple proof of a result of Haines-Kapovich-Millson [4] , which generalizes Kostant's linear and non-linear convexity theorems [6] to projections to Levi subgroups. In the complex case, we are going to use a theorem of Alekseev [1] , which converts Poisson actions with moment maps in the sense of Lu [7] to the usual hamiltonian actions. Then, in order to establish the result in the real case, we employ certain involutions, the same way Evens and Lu used them in [2] to prove the Thompson conjecture for real reductive Lie groups.
Let us formulate the result; for our list of notation, please consult Section 2. To state the problems uniformly, we let F be either R or C, K be a suitable maximal compact subgroup of a reductive group G(F), N R be the unipotent radical of a parabolic subgroup R ⊂ G(F) and M be its Levi subgroup; also let
Problem R1. Give conditions on λ ∈ a + and µ ∈ a + M that are necessary and sufficient for the orthogonal projection of Ad K (λ) to contain Ad K M (µ).
And now the non-linear counterpart:
Problem R2. Give conditions on λ ∈ a + and µ ∈ a + M that are necessary and sufficient in order that
In this short paper we prove the following: 
Notation
We introduce the following notation: G -complex reductive Lie group with Lie algebra g B -a Borel subgroup with Lie algebra b N -the unipotent radical of B with Lie algebra n θ -a Cartan involution defining a maximal compact subgroup 
Complex case
and have naturally identified k * with p by using ·, · . If we put the coadjoint orbit structure on O λ , then this projection becomes the moment map for the action of
As a consequence of Kirwan's theorem [5] , this intersection is a convex polytope Π with vertices determined only by the simple roots in I.
In order to state the non-linear counterpart, we note that the following is straightforwardly true: 
Real case
We will treat the real case with the cunning use of involutions. Let g 0 be a real form of g, defined by an involution τ . Just as in [3] 
Here and further we denote all the data from Section 2, pertaining to the chosen real form, by a subscript "0". Now, let R 0 be a standard parabolic subgroup of G 0 , with a Levi decomposition
where M is a Levi subgroup of the complexification R of R 0 , and R 0 = R τ . Note that the unipotent radical, N R , of R is τ -stable as well, and that N R,0 = N τ R . In order to establish Theorem 1.1 in the real case, we first show that Problem R1 is equivalent for group G 0 and its complexification G. Recall the argument in [8, Example 2.9], which states that for λ ∈ p 0 , the fixed point set of τ on the K-orbit O λ coincides with the K 0 -orbit Ad K 0 (λ), which we denote by O 
τ , and since the τ -fixed point set of the K M -orbit through µ will be exactly the K τ M -orbit of µ, we are done in the linear case. Now we move to the non-linear case, where we need to show that problem R2 is equivalent for G 0 and G.
In the complex situation, there is a map E : p / / AN , which goes as follows:
for an element X ∈ p, we use the Cartan decomposition to consider exp(X) as a point of G/K, which is identified with AN using the Iwasawa decomposition. Similarly, we define the map E 0 : p 0 / / A 0 N 0 . The maps E and E 0 are global diffeomorphisms. Next, we recall the involution σ : AN / / AN from [2] . It is defined as follows:
where proj AN is the projection G / / AN given by the Iwasawa decomposition
If we let τ d be given by Ad w 0 τ , where w 0 is the longest Weyl group element in the subgroup of W , generated by the reflections corresponding to the black simple roots in the corresponding Satake diagram for g 0 , then the involution τ d defines the quasi-split real form in the inner class of τ . Another way of defining σ is then:
where · now means the dressing action ofẇ 0 on AN . Note that τ d maps AN to AN , so the action is well-defined.
We need to remark that σ : AN / / AN is a smooth involution, and A 0 N 0 = (AN ) σ , but σ only respects the group structure on AN in the case when τ is already quasi-split. Now, [2, Lemma 4.4] says that
Next, note that on the unipotent radical N R , the involution σ agrees with τ , and therefore N R is σ-stable, and N R,0 = N σ R . This means that the map q is welldefined in the real case as well, and the definition is compatible with the complex case by means of σ. Now we claim that the real form M 0 of M has analogous properties with respect to the restrictions of the involutions τ , σ, and the maps E and E 0 . This is really a consequence of the fact that the simple roots that define the complex parabolic subgroup R are taken from the Satake diagram for g 0 , and this set I is comprised of all the black simple roots and some white simple roots, where we include white roots in pairs if they are connected by an arrow. Let us summarize these properties in the list below.
•
The last property is a simple consequence of the definition of σ. Now we can show that
Proof. The inclusion of the right hand side into the left hand side is obvious. Now For visualization, we present the following commutative cube: The commutativity of the right face of the cube is by Alekseev [1] , the front and back faces are by Evens-Lu [2] , the top face is by O'Shea-Sjamaar [8] , and the main property for the bottom face is explained in the previous lemma.
This finishes the proof of Theorem 1.1.
